We study the dynamics of entangled states generated in a beam splitter with a Kerr medium. Entanglement dynamics of initial classical and nonclassical states are studied and compared. Signatures of revival and fractional revival phenomena exhibited during the time evolution of states in the Kerr medium are captured in the entangled states produced by the beam splitter. Maximum entanglement is obtained at the instants of collapses of wave packets in the medium. Our analysis shows increase in entanglement with increase in the nonclassicality of the initial states.
Introduction
Quantum entanglement plays a crucial role in quantum information and quantum computing. It has been a key resource for quantum information processing. After the celebrated EPR paper [1] a tremendous amount of work has been done in the field of quantum entanglement. A detailed review of quantum entanglement is given in [2] . In most of the quantum information processes, such as, quantum teleportation [3] , quantum cryptography [4] , superdense coding [5] , quantum metrology [6] , etc., the systems are prepared initially in an entangled state. Much attention is devoted to the discussion of entanglement properties of continouse varable systems, for their great practical relevance in applications to quantum optics and quantum information [7] . A family of entanglement witnesses based on continuous variable local orthogonal observables to detect and estimate entanglement of Gaussian and non-Gaussian states are presented in [8] .
A beam splitter generates entangled states if the input fields are nonclassical [9] . It has been shown that a standard nonlinear optics interaction, arising from a Kerr nonlinearity, followed by a simple interaction with a beam splitter produces large amount of entanglement in an arbitrarily short time [10] . Here, the initial state considered is a coherent state and the input state for the beam splitter are taken at specific instants (fractional revival times) during the time evolution of the coherent state in the Kerr medium. In this paper we use the same set-up used in [10] to study the continuous dynamics of entanglement by using the state at any instants during the evolution of coherent state in the Kerr medium. We also study the entanglement dynamics of initial nonclassical states, specifically the m-photon-added coherent states [11] , and compare its dynamics with the dynamics of the initial coherent state (a classical state). It should be noted that single-photon-added coherent states are experimentally generated and reported in [12] and entanglement generation using beam splitter by injecting photon-added coherent in one input mode and vacuum state in other one is studied in [13] .
The effective Hamiltonian for the propagation of single mode filed in a Kerr medium is given by [14, 15] 
where χ is the third order nonlinear susceptibility of the medium, and a † , a are the photon creation and annihilation operators respectively. N = a † a is the number operator whose eigen states are the Fock states, represented by |n . Consider the dynamics of an initial wave packet |ψ(0) governed by the nonlinear Hamiltonian given in Eq. (1) . Following the Schröginger evolution |ψ(t) = exp[−iHt/h] |ψ(0) , the state at any instant t can be written as,
Here the interesting thing is that even if the initial wave packet is a classical one |ψ(t) become nonclassical during the evolution in the Kerr medium [16, 17, 18] . Subsequently we split the resulting nonclassical state in a beam splitter with the vacuum and generate entangled states. We consider a 50/50 lossless beam splitter with π/2 phase difference between reflected and transmitted beam. A schematic representation of the beam splitter is given in Fig. 1 . Here a and b (c and d) are the input (output) field modes of the beam splitter respectively. State at a particular instant of time t, |ψ(t) , is achieved by adjusting the interaction length (time) of the medium. We pass the field |ψ(t) through the horizontal port (mode a) of the beam splitter and a vacuum state through the vertical port (mode b). Thus the input states to the beam splitter is |ψ(t) a ⊗ |0 b . We omit the tensor product symbol between the states in the rest of the paper. The state |Φ(t) of the output modes can be obtained using the unitary operator U of the beam splitter:
where
The state |Φ(t) is a two mode pure state of the field. The total density matrix for the state |Φ(t) is ρ cd = |Φ(t) Φ(t)|. Amount of entanglement E, in such a pure bipartite state ρ cd can be calculated using the von Neumann entropy, which is defined as
where ρ r (r = mode c or d) is the reduced density matrix of either of the subsystems c or d. The state |Φ(t) will be entangled whenever |ψ(t) is a nonclassical state.
Entanglement dynamics of an initial coherent state
Consider the evolution of an initial coherent state |α through the Kerr medium. Let α = ν 1/2 exp(iθ), where ν = |α| 2 is the mean number of photons in the coherent state. Without loss of generality, we set θ = π/4 throughout this paper. Substituting |ψ(0) = |α in the Eq. (2), we get
where we have used the Fock state representation of the coherent state. Collapses and revivals of wave packets are observed during the evolution of wave packets in the medium. It can be shown that the state |ψ(t) given in Eq. (6) revives periodically with revival time T rev = π/χ. It also shows fractional revivals when the wave packet split into a finite number of scaled copies of initial wave packet [17, 19] . In between time t = 0 and t = T rev , |ψ(t) shows q-sub-packet fractional revivals at times t = pπ/qχ,
where p = 1, 2, ...(q − 1), for a given value of q (> 1) with the condition that p and q are mutually prime integers. For example, the state at t = π/qχ is a superposition of q coherent states:
where the coefficients f j and g j are known [17] . If one subsequently takes these states and splits them on a 50/50 beam splitter with the vacuum, the output state is an entangled state
where β = α/ √ 2 [10] . For large values of ν = |α| 2 , the state |Φ q is a maximally entangled state. Now we study the entanglement at any time t for the initial coherent state. Beam splitting action of the state |ψ(t) given in Eq. (6) with vacuum |0 results in the state
We numerically calculated the entanglement E of the state |Φ(t) using Eq. (5) and plotted in Fig. 2 for various values of ν = |α| 2 between the time t = 0 and T rev . It can be seen that at time t = 0 the entanglement is zero because at this instant both the input states feeding into the beam splitter are classical states. The input state to the beam splitter is |α a |0 b and the ouput state given in Eq. (10) takes the form
. This output state is separable and the entanglement between the two output modes c and d is zero. During the time evolution in the medium, the state |ψ(t) exhibit nonclassical behaviour and the output state |Φ(t) shows non-zero entanglement. When the field strength ν = |α| 2 increases the entanglement increases in general and at the instants of fractional revivals it takes a local minima in the Fig 2. Fractional revival times are marked in the figure with vertical dotted lines. It should be noted that Rényi entropy takes local minima at fractional revival times in the single mode case where there is no question of entanglement [20] . The entanglement using von Neumann entropy plot presented here shows clear signatures of fractional revivals. At q-sub-packet fractional revival times the output states given in Eq. (10) reduces to the states given Eq. (9) which are maximally entangled states with E = log 2 q for sufficiently large values of ν [10] . It is evident from the figure that for |α| 2 = 5 the state at 2, 3 and 5-sub-packet fractional revivals are maximally entangled state with E = log 2 2, log 2 3 and log 2 4, respectively. It can be verified from the figure that the state at higher order fractional revival times are maximally entangled states for larger values of ν. At revival times the entanglement returns to its initial value of zero.
At fractional revival times, the time evolved state |ψ(π/qχ) in Eq. (8) is a superposition of finite number of macroscopically distinguishable coherent states. A convenient way to visualize these coherent states are by plotting the quasi probability distributions like Husimi Q-function or Wigner function of these states in the α-plane. All the coherent states in the superposition given in Eq. (8) have the same amplitude |α| and each coherent state falls regularly on a circle of radius |α|. An approximate calculation [19] based on Husimi Q-function shows that the maximum number of well distinguished states that can be obtained for a given field strength |α| 2 is
For instance, for |α| 2 = 5, N max ∼ = 4.62 and maximum number of well distinguished states is five (rounding N max to highest integer value). Contour plots of Husimi function given in Fig. 3 at fractional revival times t = T rev /4, t = T rev /5 and t = T rev /6 verifies this result. We find that highest order of fractional revival that can be observed in the entropy plot is related to the value of N max . For example, the highest order of fractional revival that can be seen in the entropy plot is five for |α| 2 = 5 and it is evident from the dotted curve in Fig. 2 . There are 9 well distinguished local minima in this case and they corresponds to 5, 4, 3 and 2-sub-packet fractional revival times. (It was mentioned earlier, see Eq. (7), that q−sub-packet fractional revival occurs at t/T rev = p/q.) When the field strength |α| 2 increases the radius of the circle in α-plane increases and higher orders of fractional revivals are captured in entropy plot. This is evident in the dashed and dotted curves corresponds to field strengths ν = 10 and 20, respectively in Fig. 2 The entanglement attains a maximum value when the wave packet is completely collapsed during the evolution. This is due to the fact that the state at the instant of collapse are highly nonclassical. Complete collapse of the state occurs at a few instants of time between the revivals and the maximum value of entanglement is same at these instants for a given field strength |α| 2 . We denote the maximum value of entanglement by E max and E max ∼ = 2.37 ebits for ν = |α| 2 = 5 (see Fig. 2 ). For ν = 10 and 20, E max is 2.90 and 3.42 ebits, respectively. Fig. 4 shows the variation of entanglement as a function time t/T rev and field strength |α| 2 . The maximum value (E max ) of entanglement is constant during the evolution for a given value of ν and it increases with increase in ν value. The value of entanglement becomes zero at any instants of time when |α| 2 → 0 because in this case both the arms of the beam splitter contains vacuum state |0 which is a classical state. 3 Entanglement dynamics of an initial m-photonadded coherent state
We next consider the entanglement properties of initial photon-added coherent state (PACS) which is a nonclassical state [11] . Photon-added coherent states |α, m are excited coherent states:
where m is the number of photons added to the coherent field |α , also called the photon excitation number, and N α,m is the normalisation constant. Setting m = 0 in Eq. (12) will retrieve the coherent state |α . Non-classicality of m-photon-added coherent states increases with increase in m [21] . It is shown that beam splitting of PACS with vacuum produces an entangled state and the amount of entanglement in such state increases with increase in photon excitation number m [13] . The time evolution of the initial photon-added coherent states through Kerr medium gives
The photon-added coherent states exhibit the revival and fractional revivals at the same instants as that of an initial coherent state |α [22] . Beam splitting of the |ψ(t) with vacuum |0 results in the entangled output state of the form, Figure 5 shows the plot of entanglement versus time for the initial states |α, 5 and |α, 10 with |α| 2 = 5. Entanglement for an initial coherent state is also plotted in the same figure for reference. For a given value of |α| 2 the entanglement for initial PACS at any time t is greater than that of an initial coherent state. Entanglement of m-photon-added coherent state is always greater than the entanglement of (m-1)-photon-added coherent state at any instants of time.
The fractional revivals are indicated by the local minima of the plot. For a given value of |α| 2 (= 5, in the given plot) the highest order of fractional revival seen in the entropy plot increases with increase in m. Calculation based on Husimi Q-function shows that the maximum number of well distinguished m-photon-added coherent states that can be obtained for a given field strength |α| 2 depends on the photon excitation number m. Our numerical calculation shows that for an initial 5-photon-added coherent state N max = 6.2 and for an initial 10-photon-added coherent state N max = 8.0 with |α| 2 = 5. The maximum number of well distinguished states in Husimi Q−function plots are 7 and 8 for m = 5 and 10, respectively (rounding N max to the highest integer). Contour plot of Husimi Q-function for 5-photon-added coherent state is given in Fig. 6 are at fractional revival times t = T rev /6, t = T rev /7 and t = T rev /8. Again, we find that the highest order of fractional revival that can be observed in the entropy plot is related to the value of N max . The highest order of fractional revival that can be seen in the entropy plot ( 5) are 7 and 8 for the initial 5 and 10-photon-added coherent states, respectively. Entanglement attains a maximum value E max when the wave packet is completely collapsed during the evolution as in the case of the initial coherent state. The maximum value of entanglement increases with increase in photon excitation number m and the value of |α| 2 . The entanglement at any time t is much greater than the entanglement obtained by the direct beam splitting of the initial photon-added coherent states with the vacuum. Thus the time evolution of the initial wave packet in the medium generates a very large amount of entanglement. Fig. 7 gives the variation of entanglement as a function of time t/T rev and field strength |α| 2 for initial 5-photon added coherent state. The value of entanglement becomes 2.2 ebits at any instants of time when |α| 2 → 0. This value corresponds to the entanglement of state obtained using the beam splitting of Fock state |5 with vacuum. The reason is that a m-photon-added coherent state reduces to the Fock state |m when |α| 2 → 0.
Conclusions
Entangled states are generated using a beam splitter with a Kerr medium in one of its input mode. Arbitrary large amount of entanglement are generated at the instants of collapses of wave packets during the evolution in the medium. Dynamics of entanglement shows local minima at the instants of fractional revivals and entanglement increases with the increase in the field strength. The highest order of fractional revivals that can be observed in the entanglement plots are explained using the Husimi Q-function. The value of entanglement increases with the increase in the noclassicality of the initial m−photon-added coherent state. The highest order of fractional revivals than can be seen in the entropy plot depends on both the photon excitation number of the initial m−photon-added coherent states and the field strength |α| 2 .
